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We calculate the geometric phases around conical intersections (CIs) in the energy landscape of the
asymmetric quantum Rabi model (AQRM) by making use of the slow-qubit approximation for the
AQRM. The geometric phases acquired by closed loops in parameter space around CIs are multiples
of pi, depending on the CIs encircled by the trajectories considered. For trajectories encircling an
odd number of cones, the wavefunction changes sign, remaining uncharged for trajectories encircling
an even number of cones. Based on the closed-form exact solution for the degenerate points in the
AQRM, we propose a simple solvable model which is topologically equivalent to the AQRM, enabling
the exact calculation and exploration of topological properties of the AQRM.
Introduction.– Following the pioneering work of Berry
[1], geometric and topological aspects of quantum sys-
tems have been under intense investigation. Geomet-
ric phases and related topological phenomena have been
identified and studied in many areas of physics, most no-
tably in condensed-matter physics and optics [2–4]. Here
we consider geometric phases in a fundamental model
of light-matter interaction – the quantum Rabi model
(QRM) [5, 6]. This model is realizable in terms of ar-
tificial atoms in quantum circuits [7–9]. The controlled
accumulation of a geometric Berry phase in a supercon-
ducting charge qubit, manipulating the qubit geometri-
cally using microwave radiation, and the associated ac-
cumulated phase has been demonstrated experimentally
[10].
The geometric Berry phase [1] in the QRM has been
discussed by several authors [4, 11, 12]. In that work the
geometric phase is induced by a unitary transformation,
and not without disagreement [13–17]. Here we take a
different approach and consider geometric phases associ-
ated with conical intersections (CIs) in the asymmetric
quantum Rabi model (AQRM). The AQRM is a deforma-
tion of the QRM in which the degeneracies in the energy
spectrum of the QRM give rise to CIs in the energy spec-
trum of the AQRM. The energy landscape of the AQRM,
featuring an infinite number of CIs, has been discussed
earlier [18]. However, the calculation of geometric phases
around the cones remained an open problem. Here we
start from the slow-qubit approximation of the AQRM
to give an analytic calculation of the geometric phases
around CIs [2, 19] in the AQRM. Finally, we step be-
yond the slow-qubit approximation and propose a rela-
tively simple exactly solved model that is topologically
equivalent to the AQRM.
Energy landscape of the AQRM.– The AQRM is de-
fined by the Hamiltonian (~ = 1)
H =
∆
2
σz + ωa
†a+ gσx
(
a† + a
)
+

2
σx, (1)
where σx and σz are Pauli matrices for a two-level sys-
tem with level splitting ∆. The single mode bosonic field
is described by the creation and annihilation operators
a† and a, and frequency ω. The interaction between the
two systems is via the coupling g. When  = 0, Eq. (1)
reduces to the standard quantum Rabi model, which has
Z2 parity symmetry [20]. Energy levels from different
parity sectors are allowed to cross. Nonzero values of 
break this symmetry and the level crossings are avoided,
leading to CIs in the spectrum. In some special cases,
where  is a multiple of the field frequency ω, the level
crossings reappear, without any known symmetry. This
phenomenon is referred to as hidden symmetry [21, 22],
which gives rise to extra CIs and rich topological prop-
erties. The energy landscape of the AQRM is displayed
in Fig. 1, where several of the CIs are present.
Slow-qubit approximation to the AQRM.– Although
the analytic solution of the AQRM is known [23–26], it
seems unlikely that it can be used to calculate the ge-
ometric properties of the AQRM analytically. For this
reason we resort to some useful approximations. We first
consider the limit ∆ = 0. In this case, Eq. (1) describes
spin-dependent displaced oscillators [27, 28] and can be
readily solved. The eigenstates and eigenvalues are
ψdon,± = |n±,±〉 = |n±〉 ⊗ |±〉,
Edon,± = nω −
g2
ω
± 
2
,
(2)
in which |n±〉 = exp[∓ gω (a† − a)]|n〉 are displaced Fock
states, and |±〉 are the eigenstates of σx.
We now consider the case where ∆/ω  1. Physi-
cally this means there is weak tunnelling between the
two displaced oscillators. Without loss of generality, 
is assumed non-negative since the AQRM is symmetric
with regard to . The weak tunnelling induced by the ∆
term only couples the state pairs |n+,+〉 and |n+ l−,−〉,
whereas the lowest l levels associated with the qubit state
|−〉 stay uncoupled. Here l = b/ωe is the integer clos-
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2FIG. 1. Energy spectrum of the AQRM with respect to the
parameters g and . Other parameter values are ω = 1 and
∆ = 1. Conical intersections emerge only when  takes integer
values. For clarity, the lowest two levels are not shown and
the energies are rescaled with E + g2/ω.
est to /ω [28]. This is known as the slow-qubit (SQ)
or adiabatic approximation [27], where here “adiabatic”
means slow qubit transition compared to the field fre-
quency. As a consequence, Eq. (1) is block-diagonal in
the basis {|n+,+〉, |n+ l−,−〉}, with the nth 2×2 matrix
block described by
HSQn =
(
n+
l
2
)
ω − g
2
ω
+
− lω
2
σ(n)x +
Ωnl
2
σ(n)z . (3)
Here the Pauli matrices are
σ(n)x = |n+,+〉〈n+,+| − |n+ l−,−〉〈n+ l−,−|,
σ(n)z = |n+,+〉〈n+ l−,−|+ |n+ l−,−〉〈n+,+|,
(4)
and the off-diagonal coupling terms are
Ωnl = ∆ exp
[
−2g
2
ω2
](
−2g
ω
)l√
n!
(n+ l)!
Lln
(
4g2
ω2
)
,
(5)
in terms of the Laguerre polynomials Lln. It is then
straightforward to obtain the eigenstates as
ψSQn,+ = cos
θn
2
|n+,+〉+ sin θn
2
|n+ l−,−〉,
ψSQn,− = − sin
θn
2
|n+,+〉+ cos θn
2
|n+ l−,−〉,
(6)
where θn is determined by
tan θn =
Ωnl
− lω . (7)
The corresponding eigenvalues are
ESQn,± =
(
n+
l
2
)
ω − g
2
ω
± 1
2
√
Ω2nl + (− lω)2. (8)
Beyond the precondition ∆/ω  1, these results work
reasonably well when ∆/ω ≤ 1. Most importantly, the
level crossings only exist when /ω takes integer values,
which is the key feature of the CIs in the AQRM. A
comparison of the exact AQRM spectrum and that cal-
culated from Eq. (8) is shown in Fig. 2(a). Also shown
in Figs. 2(b) and 2(c) are the CIs produced by Eq. (8),
with the exact result as a benchmark.
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FIG. 2. (a) The spectrum of the AQRM obtained from exact
diagonalization (solid lines) and from the slow-qubit approx-
imation Eq. (8) (dashed lines). Other parameter values are
 = 0, ω = 1 and ∆ = 1. (b) The lowest conical intersection of
the AQRM obtained through exact diagonalization (brown)
and slow-qubit approximation (blue). The parameters are
ω = 1 and ∆ = 0.7. (c) The lowest conical intersection with
the parameters ω = 1 and ∆ = 0.1. For clarity, the energies
are rescaled with E + g2/ω.
Geometric phases around CIs.– With the simple an-
alytic expressions at hand, we now turn to the calcu-
lation of the geometric phases around the CIs. Sup-
pose the system Hamiltonian H(R) depends on the vec-
tor R = {R1, R2, . . . , Rm} of m real parameters. The
stationary Schro¨dinger equation is then H(R)|ψn(R)〉 =
En(R)|ψn(R)〉. The most general form of the geometric
phase is expressed as
γn =
∮
c
A(R) · dR, (9)
3where the vector potentialA(R) = i 〈ψn(R)| ∇R |ψn(R)〉
is known as the Berry connection. In our case, we con-
sider a two-dimensional parameter vectorR = (g, ) since
∆ and ω are conventionally fixed.
Since the geometric phase vanishes for real eigenvec-
tors, it is necessary to introduce some imaginary fac-
tors in the system [2, 19]. From the slow-qubit basis
{|n+,+〉, |n+ l−,−〉}, we construct a new basis
|φ+n 〉 =
1√
2
(|n+,+〉+ i |n+ l−,−〉) ,
|φ−n 〉 =
1√
2
(|n+,+〉 − i |n+ l−,−〉) .
(10)
The 2× 2 matrix block defined by Eq. (3) is rewritten in
this basis as
H ′n =
(
h11 h12
h21 h22
)
, (11)
where
h11 = h22 =
(
n+
l
2
)
ω − g
2
ω
,
h12 = h
∗
21 =
1
2
(− lω)− i
2
Ωnl.
(12)
The eigenvalues remain unchanged, as in Eq. (8), whereas
the eigenstates are now
|ψ+n 〉 =
1√
2
(|φ+n 〉+ eiθn |φ−n 〉) ,
|ψ−n 〉 =
1√
2
(−e−iθn |φ+n 〉+ |φ−n 〉) , (13)
in which θn is again determined through Eq. (7).
Having obtained the wavefunctions, we can compute
the corresponding geometric phases. We consider a loop
in the two-dimensional parameter space (g, ) with fixed
∆ ≤ 1. The change in θn must be a multiple of 2pi, i.e.,
θfn − θin = 2mpi, m ∈ Z, (14)
where θin and θ
f
n are initial and final values of θn, respec-
tively. The geometric phases for the nth pair of states
are then calculated as
γn± =i
∮
c
〈
ψ±n
∣∣∣∣dθndR ddθn
∣∣∣∣ψ±n〉 · dR = ∓mpi. (15)
Here the integer m is relevant to the configuration of de-
generate points encircled by the parameter loop [2]. The
geometric phases obtained in Eq. (15) only depend on the
topological properties of the energy surfaces. Although
Eq. (15) is derived with the slow-qubit approximation,
the underlying physics is the same in the AQRM.
We now turn to numerical verification and further
explore Eq. (15). As an illustrative example, we con-
sider the 6th level of the AQRM, featuring two cones, as
shown in Fig. 2(a). Under the slow-qubit approximation,
this corresponds to the upper level of H ′2 determined by
Eq. (11). Energy surfaces of H ′2 and the correspond-
ing Berry connections are displayed in Fig. 3. On these
surfaces, we consider four counterclockwise trajectories.
The blue (g/ω ∈ [0.2, 0.5], /ω ∈ [−0.1, 0.1]) and green
(g/ω ∈ [0.8, 1], /ω ∈ [−0.1, 0.1]) trajectories each encir-
cle a CI, whereas the red trajectory (g/ω ∈ [0.55, 0.7],
/ω ∈ [−0.1, 0.1]) does not. The large black trajectory
(g/ω ∈ [0.25, 1.1], /ω ∈ [−0.15, 0.15]) encircles two CIs.
Numerical calculations yield the corresponding geometric
phases
γblue = −pi, γgreen = pi, γblack = γred = 0, (16)
with the value of each phase as expected. For trajecto-
ries encircling an odd number of cones, the wavefunction
changes sign, remaining uncharged for trajectories encir-
cling an even number of cones. Moreover, the exact di-
agonalization of the AQRM in the appropriate basis also
gives the same geometric phases and justifies the above
derivations.
FIG. 3. Energy surfaces of the AQRM and the corresponding
Berry connections under the slow-qubit approximation. The
fixed parameters are ∆ = 1 and ω = 1. We consider the four
indicated counterclockwise trajectories (blue, red, green and
black) in the (g, ) parameter space.
Topologically equivalent model.– We have seen that, un-
der the condition ∆/ω ≤ 1, the slow-qubit approxima-
tion provides simple analytic expressions to investigate
the topological properties of the AQRM. However, the
level crossings determined by Eq. (8) deviate from the
exact results. These level crossings are known as Juddian
points [29], which can be calculated through constraint
4polynomials of system parameters [25, 30–32]. Particu-
larly, the Juddian points are exactly solvable for arbitrary
parameters. On the other hand, the crossing points pre-
dicted by Eq. (8) are determined through the zeros of
Laguerre polynomials in Ωnl, which are only exact in the
limit ∆→ 0+. In the present case where only the degen-
erate points affect the geometric phases, we can replace
Ωnl with the corresponding constraint polynomials, such
that the results Eq. (15) are exact for arbitrary system
parameters.
We recall the recurrence relation [31]
P0 = 1, P1 = 4g
2 + ∆2/4− ω2 − ω,
Pk =
(
4kg2 + ∆2/4− k2ω2 − kω)Pk−1
− 4k(k − 1)(n− k + 1)g2ω2Pk−2.
(17)
The equation Pn = 0 then defines the constraint polyno-
mials determining the degenerate points of the nth pair of
levels in the AQRM. When ∆ = 0, the constraint polyno-
mials reduce to the corresponding Laguerre polynomials
in Eq. (8), which justifies the fact that the slow-qubit ap-
proximation is only exact in the limit ∆→ 0+. From the
constraint polynomials, the number of degenerate points
on each level and for each value of  is also known [21, 31].
In other words, all the information determining the topo-
logical properties of the AQRM is exactly known.
To this end, we are now able to construct a simple solv-
able model that is topologically equivalent (TE) to the
AQRM by replacing the “topologically-inaccurate” part
in the slow-qubit approximation with its exact counter-
part. For this purpose, because the constraint polyno-
mials can be very large for some parameters, we need to
bound their range to avoid unphysical crossings in the
spectrum. By doing so we have the eigenvalues
ETEn,± =
(
n+
l
2
)
ω − g
2
ω
± 1
2
√
K2n + (− lω)2, (18)
where Kn are the bounded functions sharing the same
roots with the constraint polynomials. Here Kn are cho-
sen as
Kn =
1
2
arctan
[
Pn
(n+ 1)2
]
. (19)
Note that the way to bound Pn is not unique.
This topologically equivalent model can be described
by the simple Hamiltonian
HTEn =
(
n+
l
2
)
ω− g
2
ω
+
1
2
(−lω)σ(n)x +
1
2
Knσ
(n)
z , (20)
where σ
(n)
x,z are the same as Eq. (4). The eigenstates also
take the same form as Eq. (13), namely
|ψTEn,+〉 =
1√
2
(|φ+n 〉+ eiα|φ−n 〉) ,
|ψTEn,−〉 =
1√
2
(−e−iα|φ+n 〉+ |φ−n 〉) . (21)
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FIG. 4. The spectra of the AQRM (black) and the topologi-
cally equivalent model Eq. (20) (blue). Parameter values are
∆ = 1,  = 1 and ω = 1. The topologically equivalent model
exactly predicts the crossing points for arbitrary ∆ and for
 = nω. For clarity, the lowest two levels are not shown and
the energies are rescaled with E + g2/ω.
The only difference is that the relative phase α is now
determined by
tanα =
Kn
− lω . (22)
The spectrum of Hamiltonian (20) is compared with
that of the AQRM in Fig. 4, where, by construction, all
the crossing points are exact. The corresponding Berry
connections and geometric phases are also exactly cal-
culated. With Eqs. (21) and (22), we can calculate the
geometric phases in the AQRM exactly for any trajecto-
ries and arbitrary parameter values.
Conclusion.– In summary, by generalizing the slow-
qubit approximation to the AQRM, we have investigated
the topological properties around the CIs of the AQRM.
The geometric phases are always multiples of pi, depend-
ing on the configurations of CIs encircled by the trajecto-
ries considered. For trajectories encircling an odd num-
ber of cones, the wavefunction changes sign, remaining
uncharged for trajectories encircling an even number of
cones. Based on the exact solutions for the degenerate
points in the AQRM, we have proposed a simple solvable
Hamiltonian (20) which is topologically equivalent to the
AQRM. This makes it possible to explore the topological
properties of the AQRM both analytically and exactly. It
remains to be seen if the geometric phases of the AQRM
can be explored and measured in the context of cQED ex-
periments where the asymmetric bias term appears nat-
urally. In particular, the most elementary cones in the
AQRM energy spectrum are within the deep-strong cou-
pling regime reached in recent experiments [33, 34].
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